We derive a multipole scattering solution for a system resembling a simple cell. In the model, a spherical cytoplasm is surrounded by a concentric cell membrane. Contained within the cytoplasm is a nonconcentric spherical nucleus. Because of the nature of the (multipole expansion) solution, numerical results can be acquired quite rapidly. We show that the resulting scatter is very sensitive to the system geometry and optical properties. Such a solution may also be used to calculate the scatter from fluorescing molecules located within the cell.
INTRODUCTION
Light scattering is a sensitive tool which can be used to determine the geometry and composition of particle systems. Such a valuable tool has been used in the laboratory to characterize biological systems from bacteria to red blood cells. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] The polarization state of the scattered light expressed by the light scattering Mueller matrix has been shown to be especially sensitive to small changes in the system. [5] [6] [7] [8] Modeling the scattering from complex cellular systems is difficult due to their complex cellular structure, and as a result very few programs have been developed in this field. One approach has been to take advantage of the cell's relatively small refractive index within the host medium and to use the anomalous diffraction approximation. 9, 10 Another approach has been to apply the finitedifference time-domain technique to cells. 12, 13 Although both techniques have proven valuable, they are both limited. The anomalous diffraction approximation does not accurately predict the backscatter from systems. It is in this backscatter region that polarization techniques have been shown to be especially sensitive to small changes in the system geometry and chemistry. Although the finitedifference time-domain technique can model virtually any system, it is extremely computer intensive.
In this paper we develop a model which can be used to approximate the scatter from a cellular system. This technique uses a multipole expansion of the fields internal and external to the cell. The cellular system is shown in Figure 1 . It is composed of a spherical cytoplasm surrounded by a spherical cell membrane. Contained within the cytoplasm is a spherical nucleus. The nucleus can be placed at any location within the cytoplasm. Although this model is also severely limited, since the components of the cell are restricted to being spherical, it does have some advantages. First, calculations are very rapid, and second, the calculations are exact. This model can be used to examine the effects of certain system parameters, such as the cell membrane composition or thickness, the nucleus size and position, or the inclusion of organelles within the cytoplasm or changes in the cytoplasm chemistry. The derivation is similar to that of previous works 14, 15 in which we examined the scatter from a randomly placed particle within a spherical host. In the present work, a concentric outer layer is added to the host (cytoplasm) to represent a cell membrane. We will show in the results section that the inclusion of this concentric cell membrane surrounding the cytoplasm can affect the polarization state of the scattered light, especially in the backscatter region.
Finally, we note that since this is a complete solution, both the scattered and internal fields are known for the system. Using reciprocity and the solution for the internal fields, the scattered fields from a fluorescing molecule located at any position within the cell can be calculated. 16 
SOLUTION
The geometry of the scattering system is shown in Figure 1 . A spherical cytoplasm of radius a 1 and complex refractive index m 1 is centered on the x 1 , y 1 , z 1 coordinate system. An outer, concentric cell membrane having outer radius a 3 and complex refractive index m 3 is also centered on the x 1 , y 1 , z 1 coordinate system such that a 1 Ͻa 3 . A spherical nucleus of radius a 2 and complex refractive index m 2 is centered on the x 2 , y 2 , z 2 coordinate system at a position x 1 ϭ0, y 1 ϭ0, z 1 ϭd such that a 1 Ϫa 2 Ͼ͉d͉. In order for the scattering geometry to be completely general, the wave vector of the incident radiation is oriented at angle ␣ with respect to the z 1 axis. The wavelength and wave vector of the plane wave in the nonabsorbing, nonmagnetic incident medium are and k, respectively. The complex wave vector in media of refractive index m j is k j . To simplify the equations, we make the permeability of the spheres and the surrounding media the same.
The scattering solution can be found by simultaneously satisfying the boundary conditions at each interface. We consider the fields incident on each cell component separately. These fields are expanded in terms of the vector spherical harmonics which have the following form in this derivation:
where the index j corresponds to the coordinate system used (jϭ1,2) and z n () (kr j ) are the spherical Bessel functions of the first, second, third, or fourth kind (ϭ1, 2, 3, 4), and
where P n m (cos j ) are the associated Legendre polynomials. We assume a time dependence of exp(Ϫit).
OUTER CELL-MEMBRANE INTERFACE
We first examine the fields which strike the outermost cell-membrane interface (r 1 ϭa 3 ). We consider an arbitrary field incident on the system which can be expanded using the spherical Bessel functions of the first kind, j n (kr 1 ):
Similarly, the scattered electric field may be expanded using the spherical Bessel functions of the third kind, h n (1) (kr 1 ):
The fields inside the cell membrane may be expanded into incoming and outgoing spherical waves using spherical Bessel functions of the fourth kind h n (2) (k 1 r 1 ) and third kind h n (1) (k 1 r 1 ):
The application of boundary conditions at the outer cell-membrane interface for the above three equations yields two sets of equations: 
MULTIPOLE SOLUTION FOR A CELL
where n (r) and n (q) (r) (qϭ1,2) are the RiccatiBessel functions defined by n ͑ r ͒ϭrj n ͑r͒ and n ͑ q ͒ ͑ r ͒ϭrh n ͑q͒ ͑r͒,
and the primes denote derivatives with respect to the argument.
CYTOPLASM-CELL-MEMBRANE INTERFACE
We now examine the fields which strike the cytoplasm-cell-membrane interface (r 1 ϭa 1 ). The fields in the region ͉d͉Ͻr 1 Ͻa 1 may be expanded into incoming and outgoing spherical waves using spherical Bessel functions of the fourth kind, h n (2) (kr 1 ), and third kind, h n (1) (kr 1 ):
The application of boundary conditions at the cytoplasm-cell-membrane interface yields two sets of equations:
Since our primary concern is with the scattered fields, we can write the scattered and internal field coefficients directly in terms of the cytoplasm internal field coefficients.
where Jϭ1 or 2. The coefficients can be found from Eqs. (7) to (10) and (13) to (16), and by applying the Wronskian formula for Riccati-Bessel functions
the following expressions for these coefficients may be derived:
B n
CYTOPLASM-NUCLEUS INTERFACE
We now examine the fields which strike the cytoplasm-nucleus interface. We will examine these fields in the x 2 , y 2 , z 2 coordinate system (jϭ2).
The fields inside the nucleus may be expressed by the spherical Bessel functions of the first kind j n (k 2 r 2 ):
The fields in the cytoplasm may be expressed into incoming and outgoing spherical waves using spherical Bessel functions of the fourth kind h n (2) (k 1 r 2 ) and third kind h n (1) (k 1 r 2 ):
Applying boundary conditions at the inclusion sphere interface yields two sets of equations:
We can eliminate the nucleus field coefficients (p nm and q nm ) to find relationships for the cytoplasm field coefficients. After a little bit of algebra, we have:
The coefficients (Q n r and Q n s ) are similar to the Mie scattering coefficients. 18 
FIELDS IN THE CYTOPLASM
The fields interior to the cytoplasm are expressed by Eqs. (7)-(10), while the fields exterior to the nucleus are expressed by Eqs. (34) and (35). These fields are identical. We can equate these fields and express the coefficients e nm , f nm , g nm , and h nm in terms of the coefficients r nm , s nm , t nm , and u nm using the translation addition theorem. For a translation along the z axis with no rotation, the vector spherical harmonics are related by
where q denotes the order of the spherical Bessel functions (qϭ3,4 
and
Substituting Eqs. (38) and (41) into Eqs. (17) and (18) yields
The exterior field coefficients of the nucleus, t nm and u nm , may be calculated by eliminating the scattering coefficients, c nm and d nm , in Eqs. (42) and (43):
where
Since the incident field coefficients are known, Eqs.
(44) and (45) represent two sets of simultaneous equations which can be solved through matrix inversion techniques for the two sets of field coefficients. Although the solution is general for any incident field, we consider specifically the case of plane wave illumination whose wave vector is oriented at angle ␣ with respect to the z 1 axis as shown in Figure 1 . Mie scattering derivations typically restrict the plane wave so that ␣ϭ0. Since we restrict the nucleus to being centered on the z 1 axis, we must remove the restriction on the incident plane wave for the derivation to be completely general. When the plane wave is polarized perpendicular to the xϪz plane (TE), the coefficients are found to be 15 a nm ϭa nm
When the plane wave is polarized in the xϪz plane (TM), the coefficients are found to be
SCATTERING AMPLITUDES AND EFFICIENCIES
We consider the scattering amplitudes in the far field, where kr 1 ӷka. The scattered fields in this case are in the and directions. In this limit, the spherical Hankel functions reduce to spherical waves:
The scattering amplitudes can be expressed in the form of the matrix
The scattering amplitude matrix elements are solved by expanding the scattered electric fields [Eq. (4)] in terms of the vector wave functions and then expanding the vector wave functions [Eq. (1)] in terms of the polarization directions. In the far field, the r component of the electric field becomes negligible compared with the and components.
After some algebra, we have the following:
Using the following relationship for normalized, associated Legendre polynomials
the following relationships between the scattering coefficients may be derived
where m ϭϪm. The scattering, extinction, and absorption efficiencies of the system are defined as the cross sections per projected area and may be expressed as
where a nm 0 and b nm 0 are the complex conjugates of a nm and b nm , respectively. The asymmetry parameter g is a measure of radiation pressure on the system and is a necessary parameter used in cell levitation. This quantity can be expressed as
Detailed derivations for the asymmetry parameter and the efficiencies are given elsewhere. 19 
RESULTS
Although Eqs. (60)-(63) describe the electromagnetic field scattered by the cell, the meat of the problem is solving the simultaneous equations described by Eqs. (44) and (45). For practical purposes, only a finite number N of vector spherical harmonics are necessary to describe the scatter from this system. In our calculations we use the criterion developed by Wiscombe 20 and Bohren and Huffman 18 that Nϭxϩ4x
ϩ2 where x ϭ2a 3 /. Higher order terms are insignificant and their corresponding coefficients can safely be set to zero. We are left with solving 2N simultaneous equations. Solving this resulting matrix is an N 3 process, so for large-size parameters the computation time slows down dramatically. For example, the CPU time required to calculate the scatter (1°s cattering resolution in a plane) for an xϭ25 cell is approximately 28 s on a SUN 4 workstation and is approximately 175 s for an xϭ50 cell.
We demonstrate one application of the model by calculating the light-scattering Mueller matrix elements having slightly different system parameters. These matrix elements are shown for cells having different cell-membrane refractive indices (chemistry) in Figure 2 . The structure of the total intensity (element S 11 ) of the scattered light is essentially the same for all three systems. The position of the maxima and minima are virtually the same, but the amplitudes of the maxima tend to increase (especially in the backscatter region) as the cellmembrane refractive index is increased. The polarization Mueller matrix elements (matrix elements S 12 , S 33 , and S 34 are shown) show a marked difference. The position of the maxima and minima remain virtually unchanged in the forward-scatter region, but in the backscatter these minima and maxima shift, and the amplitudes are significantly different. These results are consistent with previous experimental studies which found the backscatter region of the polarization matrix elements to be extremely sensitive to small system changes. [5] [6] [7] [8] Finally, it should be noted that the cell parameters of this figure are not realistic: the sizes are too small and the refractive indices are too large. The particular parameters were chosen to illustrate the scattering effects seen. These same effects can also be seen in the scatter from cells having more realistic parameters, but due to the higher frequency oscillations in the scattering signals (oscillation frequency increases with particle size), it is much more difficult to see any trends in the data, so these were chosen for illustrative purposes. Figure 3 shows the light-scattering Mueller matrix elements for cells having different nucleus positions. These results look similar to the previous results. Although the total intensity varies more than for the cell-membrane study, the polarization matrix elements still display greater sensitivity, and the backscattered light is most sensitive to changes in the system geometry.
From Figures 2 and 3 , it is apparent that the backscatter is the most sensitive region to small changes in the particle geometry and chemistry. We now examine just the backscatter from a larger, more realistic cell. The system parameters are chosen to correspond to a 10 m cell contained in an aqueous external media (mϭ1.33) illuminated in the nearinfrared (ϭ850 nm), and are similar to values used in other models. 3, 11, 13 Figure 4 shows the backscatter Mueller matrix for three different cytoplasm chemistries. Even though the cytoplasm refractive index change is only 1% between runs, the backscatter signals change significantly. The maximum oscillation frequency which is determined primarily by the size of the cell remains constant between runs, but the positions of the maxima and minima are shifted in not only the polarization matrix elements, but in the total intensity matrix element S 11 as well. The 50% differences in the percent polarization signals are not uncommon.
CONCLUSION
We have derived solutions for the total field when an incident plane wave strikes a cellular system. Because of the nature of the solution, numerical results can be calculated quite rapidly compared to other techniques. The derivation places no restric- tions on the refractive indices of the particle constituents or the size of the system; however, computation times increase with cell size. The model may be used to examine the scattering sensitivity to geometrical and chemical changes of the cell. For more complicated cellular systems containing additional irregularities, it might be possible to calculate scattering and absorption efficiencies by incorporating effective medium approximations into the model. It may also be used to calculate the scatter from a fluorescing molecule located at some position within the cell. In our simulations of the light scattering Mueller matrix, we find that the backscatter is extremely sensitive to small changes in the system parameters. We demonstrate that even a very small (ϳ1%) change in system parameters can have a drastic effect on the scattered light. Since it is extremely difficult to characterize cells to such an extent due to geometrical, orientational, and chemical changes in time, for many modeling simulations it is necessary to calculate average scattering properties. Such calculations are computationally expensive. This manuscript provides a technique which can greatly facilitate such calculations.
APPENDIX A: TRANSLATION ADDITION OF SPHERICAL HARMONICS
Stein 23 and Cruzan 24 derived translation addition theorems for vector spherical wave functions. For a translation along the z axis with no rotation, the vector spherical harmonics are related by
N nm,2
where q denotes the order of the spherical Bessel functions (qϭ3, 4). This relationship is valid in the region where rϾ͉d͉. The translation coefficients A n Ј (n,m,q) and B n Ј (n,m,q) can be calculated from the scalar translation coefficients, C n Ј (n,m,q) :
B n Ј ͑ n,m,q ͒ ϭ Ϫik 1 md nЈ͑nЈϩ1͒ C n Ј ͑n,m,q͒ .
The C n Ј (n,m,q) are scalar translation coefficients. These can be found via recursion relations:
C n Ј ͑ Ϫ1,0,q ͒ ϭϪͱ2nЈϩ1j n Ј ͑k 1 d͒, 
From these equations, we see that
